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We consider spacelike warped AdS3 black hole metric in Boyer-Lindquist coordinate sys-
tem. We present a coordinates transformation so that it maps metric in Boyer-Lindquist
coordinates to the one in Gaussian null coordinates. Then we introduce new fall-off con-
ditions near the horizon of non-extremal warped black holes. We study the near horizon
symmetry algebra of such solutions in the context of Generalized minimal massive gravity.
Similar to the black flower solutions, also we obtain the Heisenberg algebra as the near hori-
zon symmetry algebra of the warped black flower solutions. We show that the vacuum state
and all descendants of the vacuum have the same energy. Thus these zero energy excitations
on the horizon appear as soft hairs on the warped black hole.
I. INTRODUCTION
It is well known that the Chern-Simons-like theories of gravity (CSLTG) in (2 + 1)-dimension
[1] (e.g. TMG [2], NMG [3], MMG [4], Zwei-dreibein gravity (ZDG)[5], GMMG [6], etc), exhibit
local physical degrees of freedom, but for these theories, different boundary conditions can lead
to completely different boundary theories. For matter-free Einstein-Hilbert gravity, the behavior
of the three-dimensional metric at spatial infinity is given by the Brown-Henneaux boundary con-
ditions [7]. But in the presence of matter, these boundary conditions can be modified [8]. This
modification can be occurs in Topological massive gravity [9] and even in pure Einstein-Hilbert
gravity [10].
The realization of the existence of three-dimensional (3D) black holes deepened our understanding
of 3D gravity. In this context also an important role is played by the notion of asymptotic sym-
metry. The near horizon symmetries of the black hole solutions in three dimensions are related
with the BMS algebra [11]. The BMS symmetry algebra in n space-time dimension consists of
the semi-direct sum of the conformal Killing vectors of a (n − 2)-dimension sphere acting on the
ideal of infinitesimal supertranslations [12, 13]. Recently, motivated in great part by the recent
work of Hawking, Perry and Strominger [14] (for another related works see [15]), it has appeared
that a new way to approach the information paradox for black holes lies in a careful analysis of
near horizon symmetries and the existence (in 4 dimensions) of an infinite-dimensional asymptotic
symmetry group, the BMS group. Roughly, it is hoped that the fact the latter yields an infinite
number of (asymptotically) conserved charges would allow to store information about the collapse
into a black hole and to evade the no-hair theorem, because different final black hole states, though
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2diffeomorphic, would carry different BMS charges.
Recently Donnay et al [16], have shown that the asymptotic symmetries close to the horizon of
the nonextremal black hole solution of the three-dimensional Einstein gravity in the presence of a
negative cosmological term, are generated by an extension of supertranslations . The authors of
[16] have shown that for a special choice of boundary conditions, the near region to the horizon
of a stationary black hole present a generalization of supertranslation, including a semidirect sum
with superrotations, represented by Virasoro algebra. More recently, we have studied the behav-
iors and algebras of the symmetries and conserved charges near the horizon of the non-extremal
black holes in the context of the so-called Generalized Minimal Massive Gravity [17], proposed in
Ref. [6]. In the other hand the authors of [18] have considered the black flower solution of the
Einstein equations in 3D [19], then have proposed a new set of boundary conditions, which leads
to a very simple near horizon symmetry algebra, the Heisenberg algebra. In another paper we
have studied this near horizon symmetry in the framework of Chern-Simons-like theories of gravity
[20]. In another term, similar to the near horizon symmetry algebra of the black flower solutions
of the Einstein gravity in the presence of negative cosmological constant, we have found an algebra
consists of two U(1) current algebras, but instead with levels ±k2 , the level of our algebra is given
by ∓k2
(
σ ± 1
µl
+ αH
µ
+ F
m2
)
. The authors of [18] have obtained a new horizon entropy formula, as
S = 2π(J+0 + J
−
0 ) for black hole solutions in 3D Einstein gravity, where J
±
0 are zero mode charges
of U(1) current algebra near horizon. More recently Gonzalez et al, have obtained an analog of
the above entropy formula for non-extermal Kerr black holes in 4-dimensions [21].
In this paper we are going to study the near horizon symmetry of spacelike warped AdS3 black
hole solutions of GMMG. The authors of [22] have introduced spacelike stretched AdS3 as a new
vacuum of TMG, which could be a stable ground state of this model [23, 24] (see also [25–27]).
More than this, another reason for interest to the warped AdS spacetime, is that they emerge in
the near horizon geometry of extremal Kerr black holes and this fact is important in the context of
Kerr/CFT [28]. In the paper [24], the correctness of the hypothesis formulated in [22] have been
investigated. The authors of [24] have obtained that the asymptotic symmetry of the spacelike
stretched AdS3 sector of TMG is a 2-dimensional conformal symmetry with central charges. Re-
cently warped AdS3 black holes have been studied in generic higher derivatives gravity theories
in 2 + 1 dimensions [29]. According to earlier investigations on the warped AdS3, the asymptotic
symmetry group of these spacetimes instead of the Brown-Henneaux conformal symmetry group,
is the semi-direct product of a Virasoro algebra and a U(1) affine Kac-Moody algebra [24, 30–33].
It is the symmetry of warped conformal field theory (WCFT) in 2-dimension. The authors of [29]
have reproduced the match between the Bekenstein-Hawking and WCFT entropies in the case of
new massive gravity (NMG) [3].
Here we consider spacelike warped AdS3 black hole metric in Boyer-Lindquist coordinate system
as a solution of GMMG. Then we introduce a coordinates transformation such that it maps the
metric into the one in Gaussian null coordinates. Based on the near horizon behaviour of the
obtained metric of non-extremal warped black holes, we propose a new and consistent set of fall-off
conditions. Then we find the conserved charges of the new fall-off conditions. Similar to the near
horizon symmetry algebra of the black flower solutions in Generalized minimal massive gravity
[20], the near horizon symmetry algebra of the warped black flower consists of two U(1) current
algebras, with different levels. In this case, the levels are ∓ ζ2ν2c±48 . By changing the basis, finally
we obtain the Heisenberg algebra as the near horizon symmetry algebra of the warped black flower
solutions. Then we show that the formula S = 2π(J+0 + J
−
0 ) exactly works for warped black flower
solutions. 1.
1 In this paper we have denoted zero mode charges by L±0
3II. NOTE ADDED:
While finishing our work we became aware of [34] which studies soft hairy warped black hole
entropy in topological massive gravity.
III. WARPED BLACK HOLES
Consider spacelike warped AdS3 black hole which is described by the following line-element [35]
ds2 = gttdt
2 + 2gtθdtdθ + grrdr
2 + gθθdθ
2, (1)
with
gtt = l
2, gtθ =
1
2
l2 |ζ| (r + ν√r+r−) , grr = l2
ζ2ν2 (r − r+) (r − r−)
gθθ =
1
4
l2ζ2r
[(
1− ν2
)
r + ν2 (r+ + r−) + 2ν
√
r+r−
]
,
(2)
where t, r, θ and l are time-coordinate, radial-coordinate, angular-coordinate and AdS3 space
radius, respectively. For the spacelike warped AdS3 black hole r+ and r− are outer and inner
horizons, respectively. The free parameters ζ and ν appeared in Eq.(2) allow us to keep contact
with [36–39]2. The spacetime described by metric (1) admits SL(2,R) × U(1) as isometry group.
Therefore, one can write a symmetric-two tensor Sµν as [29]
Sµν = a1gµν + a2JµJν , (3)
with
J = Jµ∂µ = ∂t. (4)
It should be noted that Jµ is normalized as JµJ
µ = l2 and it satisfy the following equation
∇µJν = |ζ|
2l
ǫµνλJ
λ (5)
where ∇µ is covariant derivative with respect to the Christoffel connection and ǫµνλ =
√−gεµνλ is
Levi-Civita tensor in 3D. Hence, the Ricci tensor can be written as
Rµν = ζ
2
2l2
(
1− 2ν2
)
gµν − ζ
2
l4
(
1− ν2
)
JµJν , (6)
and the Ricci scalar is given by
R = ζ
2
2l2
(
1− 4ν2
)
. (7)
The authors in Ref.[40] showed that any line-element for which the Ricci tensor can be written as
Eq.(6), where the vector field J is normalized to l2 and satisfies Eq.(5), is a solution of Generalized
minimal massive gravity.
2 For further discussion, see [35].
4IV. NEAR HORIZON GEOMETRY
The near horizon geometry of three-dimensional black holes can be expressed using Gaussian
null coordinates
ds2 = gvvdv
2 + 2dvdρ + 2gvφdvdφ + 2gρφdρdφ+ gφφdφ
2, (8)
where v represents the retarded time, ρ is the radial distance to the horizon and φ is the angular
coordinate. The metric deviates to usual from in the gρφ component, but this can always be
removed by a coordinates transformation. However, it is convenient to keep it as it is. The
non-zero components of metric are demanded to obey the following fall-off conditions close to the
horizon (ρ = 0):
gvv = −2κHρ+O(ρ2), gvφ = A(φ)ρ+O(ρ2), gρφ = B(φ) +O(ρ2),
gφφ = C(φ) +D(φ)ρ+O(ρ2),
(9)
where A(φ), B(φ), C(φ) and D(φ) are arbitrary functions and the constant κH corresponds to the
black hole surface gravity. We can relate the spacelike warped AdS3 black hole metric in Boyer-
Lindquist coordinates (2) to the one in Gaussian null coordinates by introducing a coordinates
transformation as
dv =dt+
2
l4
gtθgrrdr
ρ =
(r − r+)
|ζ| (r+ + ν√r+r−)
dφ =
νdt(
r+ + ν
√
r+r−
) + 1
2
|ζ| νdθ + |ζ| ν
l4
[
2gtθ
|ζ| (r+ + ν√r+r−) − l2
]
grrdr.
(10)
Using the above coordinates transformation, one can show that the line-element (1) can be rewritten
as
ds2
l2
=− 2κHρf(ρ)dv2 + 2dvdρ+ 2 |ζ| ν−1ρ
[
− (r+ + ν√r+r−)+ ν2(r+ − r−)f(ρ)] dvdφ
− |ζ| ν
κH
(r+ − r−)dρdφ
+ ν−2
[(
r+ + ν
√
r+r−
)2
+
ζ2ν2ρ
κH
(
r+ + ν
√
r+r−
)
(r+ − r−)− ζ
2ν4ρ
2κH
(r+ − r−)2f(ρ)
]
dφ2,
(11)
where κH is surface gravity of the warped black hole,
κH =
|ζ| ν2 (r+ − r−)
2
(
r+ + ν
√
r+r−
) , (12)
and f(ρ) as a function of ρ is given by
f(ρ) = 1− ζ
2(1− ν2)ρ
2κH
. (13)
It is clear that the line-element (11) obey the near horizon fall-off conditions. Since the vector
J = ∂t can be written as
J = ∂v +
ν(
r+ + ν
√
r+r−
)∂φ, (14)
5in Gaussian null coordinates then, one can show that the line-element (11) satisfies Eq.(6). This
ensures that the coordinates transformation (10) is well-defined because it maps warped black hole
spacetime on itself.
Now we can claim that the behaviour of the warped black hole spacetime around a non-extremal
horizon can be described by a near horizon metric in Gaussian null coordinates
ds2
l2
=− 2κHρf(ρ)dv2 + 2dvdρ + 2 |ζ| ν−1ρ
[
−γ(φ) + ν2β(φ)f(ρ)
]
dvdφ
− |ζ| ν
κH
β(φ)dρdφ + ν−2
[
γ(φ)2 +
ζ2ν2ρ
κH
γ(φ)β(φ) − ζ
2ν4ρ
2κH
β(φ)2f(ρ)
]
dφ2,
(15)
where γ(φ) and β(φ) are arbitrary functions of φ. One can show that the metric (15) with vector
field
J =
|ζ| ν2β(φ)
2κHγ(φ)
∂v +
ν
γ(φ)
∂φ. (16)
satisfies Eq.(6). Also, it can be checked that the vector field J (introduced in Eq.(16)) is normalized
as JµJ
µ = l2 and it obeys Eq.(5). Thus, the metric (15) is a solution of Generalized minimal massive
gravity (we will discuss this later). The given geometry possesses an event horizon located at ρ = 0
and also it is not spherically symmetric, thus the metric (15) generically describes a "warped black
flower". In the case of γ = r+ + ν
√
r+r− and β = r+ − r− the metric (15) reduces to the warped
black hole metric.
V. NEW FALL-OFF CONDITIONS
Based on the near horizon behaviour of the metric, we can propose a new set of fall-off conditions
ds2
l2
=ρ
(
a+f+ + a
−f−
)
dv2 + 2dvdρ +
2 |ζ| νL−
(a+ + a−)
dρdφ
+ 2 |ζ| ν−1ρ
[
−1
2
(
L+ + L−
)
+
ν2L−
(a+ + a−)
(
a+f+ + a
−f−
)]
dvdφ
+ν−2

1
4
(
L+ + L−
)2 − ζ2ν2ρ
(a+ + a−)
(
L+ + L−
)
L− + ζ2ν4ρ
(
L−
a+ + a−
)2 (
a+f+ + a
−f−
) dφ2,
(17)
where L± = L±(φ) are arbitrary functions of φ, a± are constant parameters and f± = f±(ρ) are
given as
f±(ρ) = 1 +
ζ2(1− ν2)ρ
2a±
. (18)
In the particular case of a± = −κH , L+ = 2γ−β and L− = β the line-element (17) will be reduced
to the line-element (15). The Ricci tensor corresponding to the line-element (17) can be written
as of the form Eq.(6), where the vector field J is given by
J = − 2 |ζ| ν
2L−
(a+ + a−)(L+ + L−)∂v +
2ν
(L+ + L−)∂φ (19)
Since this vector field is normalized to l2 and satisfies Eq.(5), thus the line-element (17) is a solution
of Generalized minimal massive gravity.
6The variation generated by the following Killing vector field preserves the form of the line-element
(17)
ξv =
|ζ| ν (L+Z− + L−Z+)
(a+ + a−) (L+ + L−) , ξ
ρ = 0, ξφ = −Z
+ −Z−
L+ + L− , (20)
where Z± = Z±(φ) are two arbitrary periodic functions of φ. In other words, under transformation
generated by the Killing vector field (20), the metric (17) transforms as
gµν [L+,L−]→ gµν [L+ + δξL+,L− + δξL−], (21)
with
δξL± = ∓∂φZ±. (22)
Since ξ depends on dynamical fields so we need to introduce a modified version of the Lie brackets
[41]
[ξ1, ξ2] = £ξ1ξ2 − δ(g)ξ1 ξ2 + δ
(g)
ξ2
ξ1, (23)
where ξ1 = ξ(Z+1 ,Z−1 ) and ξ2 = ξ(Z+2 ,Z−2 ). In the equation (23), δ(g)ξ1 ξ2 denotes the change induced
in ξ2 due to the variation of metric δˆξ1 gµν = £ξ1gµν . By substituting Eq.(20) into Eq.(23), we can
find that [
ξ(Z+1 ,Z−1 ), ξ(Z+2 ,Z−2 )
]
= 0. (24)
Thus the Killing vectors ξ1 = ξ(Z+1 ,Z−1 ) and ξ2 = ξ(Z+2 ,Z−2 ) commute and hence the algebra of
the Killing vector fields is closed.
VI. CONSERVED CHARGES IN GENERALIZED MINIMAL MASSIVE GRAVITY
In this section, we summarize some results of the Ref.[40]. The reader can refer to the Ref.[42]
for a comprehensive review of the content of this section.
A. Quasi-local conserved charges in Chern-Simons-like theories of gravity
The Lagrangian 3-form of the Chern-Simons-like theories of gravity is given by [1]
L =
1
2
grsa
r · das + 1
6
frsta
r · as × at. (25)
In the above Lagrangian ara = araµdx
µ are Lorentz vector valued one-forms where, r and a indices
refer to flavour and Lorentz indices, respectively. Here the wedge products of Lorentz-vector valued
one-form fields are implicit. Also, grs is a symmetric constant metric on the flavour space and frst
is a totally symmetric "flavour tensor" which are interpreted as the coupling constants. We use a
3D-vector algebra notation for Lorentz vectors in which contractions with ηab and ε
abc are denoted
by dots and crosses, respectively 3. It is worth saying that ara is a collection of the dreibein ea, the
3 Here we consider the notation used in [1].
7dualized spin-connection ωa, the auxiliary field haµ = e
a
νh
ν
µ and so on
4. Also for all interesting
CSLTG we have fωrs = grs [43].
The total variation of ara induced by a diffeomorphism generator ξ is [44]
δξa
ra = Lξa
ra − δrωdχaξ , (26)
where χaξ =
1
2ε
a
bcλ
bc
ξ and λ
bc
ξ is generator of the Lorentz gauge transformations SO(2, 1). Also,
δrs denotes the ordinary Kronecker delta and the Lorentz-Lie derivative along a vector field ξ is
denoted by Lξ. The Lorentz-Lie derivative of a Lorentz tensor-valued p-form Aa···b··· is defined by
LξAa···b··· = £ξAa···b··· + λ aξ cAc···b··· + · · · − λ cξ bAa···c··· − · · · . (27)
Dreibein and spin-connection 5 transform like e → Λe and ω → ΛωΛ−1 + ΛdΛ−1 under Lorentz
gauge transformations, where Λ = exp(λ) ∈ SO(2, 1). Total variation induced by a vector field ξ is
a combination of variations due to a diffeomorphism and an infinitesimal Lorentz gauge transfor-
mation [45]. It is obvious that the total variation of a Lorentz tensor-valued p-form is equal to its
Lorentz-Lie derivative and the extra term in total variation of ara comes from the transformation
law of spin-connection under Lorentz gauge transformations. Total variation of ara is covariant
under Lorentz gauge transformations as well as diffeomorphism. Hence we are allowed to use co-
variant phase space method to obtain conserved charges in CSLTG. The arbitrary variation of the
Lagrangian (25) is
δL = δar ·Er + dΘ(a, δa), (28)
with
E ar = grsda
sa +
1
2
frst(a
s × at)a, Θ(a, δa) = 1
2
grsδa
r · as. (29)
where E ar = 0 are the equations of motion and Θ(a, δa) is surface term. The total variation of the
Lagrangian induced by diffeomorphism generator ξ can be written as 6
δξL = LξL + dψξ = d (iξL + ψξ) , (30)
with ψξ =
1
2gωrdχξ · ar. Also, the total variation of the surface term is
δξΘ(a, δa) = LξΘ(a, δa) + Πξ, (31)
with Πξ =
1
2gωrdχξ · δar. Now we assume that the variation of Lagrangian (25) is generated by a
vector field ξ. For generality, we assume that vector field ξ depends on dynamical fields. By using
the Bianchi identities, we find off-shell Noether current
Jξ = Θ(a, δξa)− iξL− ψξ + iξar · Er − χξ ·Eω (32)
which is conserved off-shell, i.e. we have dJξ = 0 off-shell. By virtue of the Poincare lemma, one
can obtain off-shell Noether charge density Kξ so that Jξ = dKξ. By taking an arbitrary variation
from Eq.(32) and making some calculations one can define extended off-shell ADT 7 current as [20]
JADT(a, δa, δξa) = δar · iξEr + iξar · δEr − χξ · δEω + grsδξar · δas. (33)
4 That is ar = {e, ω, h, · · · }, for instance, for r = e and r = ω we have ae = e and aω = ω.
5 Spin-connection ωab and dualized spin-connection ωa are related as ωa = 1
2
εabcωbc.
6 iξ denotes interior product in ξ.
7 Where ADT stands for Abbott, Deser and Tekin.
8If we assume that ξ is a Killing vector field then the last term in Eq.(33) vanishes and extended
off-shell ADT current reduces to the generalized off-shell ADT current [44]. Also, if we consider
on-shell case, i.e. Er = δEr = 0, then extended off-shell ADT current reduces to symplectic current
[46–48]. The current (33) is conserved off-shell, i.e. dJADT = 0, so by virtue of the Poincare lemma,
one can find corresponding extended off-shell ADT charge so that JADT = dQADT. Therefore we
can define quasi-local conserved charge perturbation associated with a field dependent vector field
ξ as
δQ(ξ) =
1
8πG
ˆ
Σ
QADT
=
1
8πG
ˆ
Σ
(grsiξa
r − gωsχξ) · δas,
(34)
whereG denotes the Newtonian gravitational constant and Σ is a spacelike codimension two surface.
We can take an integration from (34) over the one-parameter path on the solution space [49, 50]
and then we find that
Q(ξ) =
1
8πG
ˆ 1
0
ds
ˆ
Σ
(grsiξa
r − gωsχξ) · δas, (35)
Also, we argued that the quasi-local conserved charge (35) is not only conserved for the Killing
vectors which are admitted by spacetime everywhere but also it is conserved for the asymptotically
Killing vectors. To calculate the conserved charge using Eq.(35), we need an explicit expression
for χξ in an appropriate manner. To this end, the authors in [51] demand that it must be chosen
so that the Lorentz-Lie derivative of dreibein vanishes when ξ is a Killing vector field and then χξ
should be provided as follows [45]:
χaξ = iξω
a +
1
2
εabce
νb(iξT
c)ν +
1
2
εabce
bµecν∇µξν . (36)
Now we are ready to find conserved charges in the context of Generalized minimal massive gravity.
VII. GENERALIZED MINIMAL MASSIVE GRAVITY
Generalized minimal massive gravity is an example of the Chern-Simons-like theories of grav-
ity [6]. In this model, there are four flavours of one-form, ar = {e, ω, h, k}, and the non-zero
components of the flavour metric and the flavour tensor are
geω = −σ, geh = 1, gωk = −
1
m2
, gωω =
1
µ
,
feωω = −σ, fehω = 1, fkωω = − 1
m2
, fωωω =
1
µ
,
fekk = − 1
m2
, feee = Λ0, fehh = α.
(37)
where σ, Λ0, µ, m and α are a sign, cosmological parameter with dimension of mass squared, mass
parameter of Lorentz Chern-Simons term, mass parameter of New Massive Gravity term and a
dimensionless parameter, respectively. The equations of motion of Generalized minimal massive
gravity are [6] (see also [17])
− σR(Ω) + (1 + σα)D(Ω)h − 1
2
α(1 + σα)h × h+ Λ0
2
e× e− 1
2m2
k × k = 0, (38)
9− e× k + µ(1 + σα)e × h− µ
m2
D(Ω)k +
µα
m2
h× k = 0, (39)
R(Ω)− αD(Ω)h + 1
2
α2h× h+ e× k = 0, (40)
T (Ω) = 0, (41)
where
Ω = ω − αh (42)
is ordinary torsion-free dualized spin-connection. Also, R(Ω) = dΩ+ 12Ω× Ω is curvature 2-form,
T (Ω) = D(Ω)e is torsion 2-form, and D(Ω) denotes exterior covariant derivative with respect to
torsion-free dualized spin-connection.
Now, consider a metric so that Ricci tensor corresponding to the given metric can be written as
Eq.(6) in which the vector field J is normalized to l2 and satisfies Eq.(5) (metrics (1), (11), (15)
and (17) are examples of such a case). The authors in Ref.[40] showed that such a metric is a
solution of Generalized minimal massive gravity provided that the following equations are held
haµ = H1e
a
µ +H2J
aJµ, k
a
µ = F1e
a
µ + F2J
aJµ, (43)
ζ2
4l2
− 1
2
αl |ζ|H2 − α2H1
(
H1 + l
2H2
)
−
(
2F1 + l
2F2
)
= 0, (44)
− ζ
2
l4
(
1− ν2
)
+
3α
2l
|ζ|H2 + α2H1H2 + F2 = 0, (45)
1
µ
(
2F1 + l
2F2
)
−(1 + ασ)
(
2H1 + l
2H2
)
− l
2m2
|ζ|F2− α
m2
[
2H1F1 + l
2 (H1F2 +H2F1)
]
= 0, (46)
− 1
µ
F2 + (1 + ασ)H2 +
3
2lm2
|ζ|F2 + α
m2
(H1F2 +H2F1) = 0, (47)
− ζ
2
4l2
σ +
1
2
(1 + ασ) l |ζ|H2 + α (1 + ασ)H1
(
H1 + l
2H2
)
− Λ0 + 1
m2
F1
(
F1 + l
2F2
)
= 0, (48)
ζ2
l4
(
1− ν2
)
σ − 3
2l
(1 + ασ) |ζ|H2 − α (1 + ασ)H1H2 − 1
m2
F1F2 = 0, (49)
where H1, H2, F1, F2 are constant parameters and J
a = eaµJ
µ (for arriving at these equations
appendix B in [42] can be helpful). In fact Eqs.(43) are ansatz for auxiliary fields h and k and
equations (44)-(49) are conditions on constant parameters.
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Using equations (37), (42)-(49), one can simplify the conserved charge perturbation (34) for given
metrics in the context of the Generalized minimal massive gravity
δQ(ξ) =
1
8πG
ˆ
Σ
{
−
(
σ +
αH1
µ
+
F1
m2
)
[iξe · δΩ + (iξΩ− χξ) · δe]
+
1
µ
(iξΩ− χξ) · δΩ+ αH2
(
αH2
µ
+
2F2
m2
)
iξJ · δJ
+
[
− ζ
2
µl2
(
3
4
− ν2
)
+ l |ζ|
(
αH2
µ
+
F2
m2
)]
iξe · δe
−
(
αH2
µ
+
F2
m2
)
[iξJ · δΩ+ (iξΩ− χξ) · δJ]
+
[
ζ2
µl4
(
1− ν2
)
− 3 |ζ|
2l
(
αH2
µ
+
F2
m2
)]
(iξJ · δe+ iξe · δJ)
}
.
(50)
where Jaµ = J
aJµ for simplicity. One can show that the expression (36) for χξ can be rewritten
as [49]
iξΩ− χξ = −1
2
εabce
bµecν∇µξν . (51)
Also we mention that the torsion free spin-connection is given by
Ωaµ =
1
2
εabce αb ∇µecα. (52)
Now we are ready to find conserved charges of warped black flower described by metric (17)
associated with Killing vector field (20).
VIII. CONSERVED CHARGES RELATED TO NEW FALL-OFF CONDITIONS IN
GENERALIZED MINIMAL MASSIVE GRAVITY
Since the relation between metric tensor and dreibein is given by gµν = ηabe
a
µe
b
ν then, one can
check that dreibein corresponding to the line-element (17) is
e0 =
1
2
[
l2 − (a+ + a−)ρ
]
dv − dρ
+
1
2
|ζ| ν−1
{
ν2
[
l2 − (a+ + a−)ρ
]( L−
a+ + a−
)
+ ρ
[
1 +
√
1− ν2
]
(L+ + L−)
}
dφ
e1 =l |ζ|ρ
√
1− ν2dv + lν−1
[
1
2
(L+ + L−) +
ζ2ν2L−ρ
(a+ + a−)
√
1− ν2
]
dφ
e2 =
1
2
[
l2 + (a+ + a−)ρ
]
dv + dρ
+
1
2
|ζ| ν−1
{
ν2
[
l2 + (a+ + a−)ρ
]( L−
a+ + a−
)
− ρ
[
1 +
√
1− ν2
]
(L+ + L−)
}
dφ
(53)
Now, we take the spacelike codimension two surface Σ in Eq.(50) to be a circle with radius ρ→ 0.
By substituting Eq.(53) and Eq.(20) into Eq.(50) and using Eqs.(44)-(49), (51) and (52), we find
the following expression for conserved charge associated with the Killing vector field (20)
Q(ξ) = Q+(Z+) +Q−(Z−), (54)
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with
Q±(Z±) = ζ
2ν2c±
96π
ˆ 2pi
0
Z±(φ)L±(φ)dφ, (55)
where
c+ =
3l
|ζ| ν2G
{
σ +
α
µ
(
H1 + l
2H2
)
+
1
m2
(
F1 + l
2F2
)
− |ζ|
2µl
}
, (56)
c− =
3l
|ζ| ν2G
{
σ +
α
µ
(
H1 + l
2H2
)
+
1
m2
(
F1 + l
2F2
)
− |ζ|
2µl
(
1− 2ν2
)}
. (57)
To interpret c±, we deviate slightly from the discussion. The authors in the paper [40] showed that
the algebra of asymptotic conserved charges of asymptotically (at spatial infinity) spacelike warped
AdS3 spacetimes in Generalized minimal massive gravity is given as the semi direct product of the
Virasoro algebra with U(1) current algebra, with central charges cV = c− and cU = ζ
−2ν−4c+.
The algebra of these conserved charges does not describe the conformal symmetry. Therefore, they
used a particular Sugawara construction to reconstruct the conformal algebra. Strictly speaking,
they mapped the algebra to two Virasoro algebras with central charges c±.
Now we return to our discussion. The algebra of conserved charges can be written as [7, 52]
{Q(ξ1), Q(ξ2)} = Q ([ξ1, ξ2]) + C (ξ1, ξ2) (58)
where C (ξ1, ξ2) is central extension term. Also, the left hand side of the equation (53) can be
defined by
{Q(ξ1), Q(ξ2)} = δξ2Q(ξ1). (59)
Therefore, because of the Eq.(24) one can deduce that the central extension term can be found as
follows:
C (ξ1, ξ2) =δξ2Q(ξ1)
=
ζ2ν2
96π
ˆ 2pi
0
(
−c+Z+1 ∂φZ+2 + c−Z−1 ∂φZ−2
)
dφ.
(60)
In this way, the algebra of conserved charges can be written as
{
Q±(Z±1 ), Q±(Z±2 )
}
= ∓ζ
2ν2c±
96π
ˆ 2pi
0
Z±1 ∂φZ±2 dφ,
{
Q+(Z+1 ), Q−(Z−2 )
}
= 0. (61)
By setting Z± = einφ, one can expand Q±(Z±) in Fourier modes
L±n =
ζ2ν2c±
96π
ˆ 2pi
0
einφL±(φ)dφ. (62)
Also, by substituting Z±1 = einφ and Z±2 = eimφ into Eq.(61) and replacement of Dirac brackets
by commutators i{, } → [, ], we have
[
Lˆ±n , Lˆ±m
]
= ∓ζ
2ν2c±
48
nδm+n,0,
[
Lˆ+n , Lˆ−m
]
= 0. (63)
Similar to the near horizon symmetry algebra of the black flower solutions in Generalized minimal
massive gravity [20], the near horizon symmetry algebra of the warped black flower consists of two
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U(1) current algebras, with different levels. In this case, the levels are ∓ ζ2ν2c±48 . One can change
the basis according to following definitions
Xˆn =− i|ζ| ν
(√
24
c+
Lˆ+n +
√
24
c−
Lˆ−n
)
for n ∈ Z
Pˆn =
1
|ζ| νn
(√
24
c+
Lˆ+−n −
√
24
c−
Lˆ−−n
)
for n 6= 0
Pˆ0 =Lˆ+0 + Lˆ−0 for n = 0,
(64)
By using the above equations, the algebra (63), takes following form[
Xˆn, Xˆm
]
=
[
Pˆn, Pˆm
]
=
[
Xˆ0, Pˆn
]
=
[
Pˆ0, Xˆn
]
= 0 (65)
[
Xˆn, Pˆm
]
= iδnm for n,m 6= 0. (66)
It is clear that Xˆ0 and Pˆ0 are the two Casimirs and Eq.(66) is the Heisenberg algebra. It is
interesting that, in the given model also we obtain the Heisenberg algebra as the near horizon
symmetry algebra of the warped black flower solutions. By comparing the definition of Pˆ0 and
Eq.(54), one can deduce that Pˆ0 is just the Hamiltonian, i.e. Hˆ ≡ Pˆ0.
IX. SOFT HAIR AND THE SOFT HAIRY WARPED BLACK HOLE ENTROPY
The Hamiltonian Hˆ ≡ Pˆ0 gives us the dynamics of the system near the horizon. Let us consider
all vacuum descendants [18]
|ψ(q)〉 = N(q)
N+∏
i=1
(
Lˆ+
−n+
i
)m+
i
N−∏
i=1
(
Lˆ−
−n−
i
)m−
i |0〉 (67)
where q is a set of arbitrary non-negative integer quantum numbers N±, n±i and m
±
i . Also, N(q)
is a normalization constant such that 〈ψ(q)|ψ(q)〉 = 1. The Hamiltonian Hˆ ≡ Pˆ0 = Lˆ+0 + Lˆ−0
commutes with all generators Lˆ±n , so the energy of all states are the same. The energy of the
vacuum state is given by the following eigenvalue equation
Hˆ|0〉 = Evac|0〉. (68)
Also, for all descendants, we have
Eψ = 〈ψ(q)|H|ψ(q)〉. (69)
Due to the mentioned property of the Hamiltonian, we find that all descendants of the vacuum
have the same energy as the vacuum,
Eψ = Evac, (70)
in other words, they are soft hairs in the sense of being zero-energy excitations [14, 18].
For the case of the warped black hole, we have
L+ = r+ + r− + 2ν√r+r−, L− = r+ − r−, a± = − |ζ| ν
2 (r+ − r−)
2
(
r+ + ν
√
r+r−
) , (71)
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By substituting Eq.(71) into Eq.(62), we find the eigenvalues of Lˆ±n as follows:
L+n =
ζ2ν2c+
48
(r+ + r− + 2ν
√
r+r−)δn,0, L−n =
ζ2ν2c−
48
(r+ − r−)δn,0. (72)
The entropy of a soft hairy black hole is related to the zero mode charges L±0 by the following
formula [14, 18, 21, 53–56]
S = 2π
(
L+0 + L−0
)
. (73)
Hence, by substituting Eq.(72) into Eq.(73), we find the entropy of the warped black hole solution
of Generalized minimal massive gravity as
S =πl |ζ|
4G
{[
σ +
α
µ
(
H1 + l
2H2
)
+
1
m2
(
F1 + l
2F2
)
− |ζ|
2µl
] (
r+ + ν
√
r+r−
)
+
|ζ| ν2
2µl
(r+ − r−)
}
.
(74)
which is exactly matched with the results of the paper [40]. As we know, Lˆ+0 + Lˆ−0 = Pˆ0 is one
of two Casimirs of algebra, i.e. Pˆ0 is a constant of motion. Therefore, one expects that the zero
mode eigenvalue of Pˆ0 should be correspond to a conserved charge of given spacetime. We have
shown that entropy is the intended conserved charge in the context of Generalized minimal massive
gravity.
X. CONCLUSION
We have considered spacelike warped AdS3 black hole metric in Boyer-Lindquist coordinate
system (see Eq.(1)). The spacetime described by metric (1) admits SL(2,R) × U(1) as isometry
group. Then the Ricci tensor corresponding to that metric can be written as Eq.(6), where the
vector field J is normalized to l2 and satisfies Eq.(5). We have deduced in subsection.VII that each
metric with this property will be a solution of the Generalized minimal massive gravity. Hence, we
tried to present boundary conditions so that they should respect to that property. The near horizon
geometry of three-dimensional black holes can be expressed using Gaussian null coordinates. Then
we introduced coordinates transformation (10) so that it maps metric (1) into the one in Gaussian
null coordinates. Inspired by the obtained metric (11), we introduced the boundary conditions near
the horizon of non-extremal warped black holes (see Eq.(17)). The line-element (17) is an exact
solution of the Generalized minimal massive gravity. The geometry possesses an event horizon
located at ρ = 0. This geometry is not spherically symmetric, but is still stationary. So this
solution describes a ”warped black flower”. We obtained conserved charges of the new fall-off
conditions and showed that the near horizon symmetry algebra of such solutions in the context of
Generalized minimal massive gravity consists of two U(1) current algebras, with the levels ∓ ζ2ν2c±48 .
By changing the basis according to the definitions (64) we obtained the Heisenberg algebra as the
near horizon symmetry algebra of the warped black flower solutions. We inferred that the vacuum
state and all descendants of the vacuum have the same energy. Thus these zero energy excitations
on the horizon appear as soft hairs on the warped black hole. Since the Hamiltonian is given by
Hˆ ≡ Pˆ0 = Lˆ+0 + Lˆ−0 , and Pˆ0 is a Casimir of the algebra then by finding the eigenvalues of Lˆ±n for
the warped black hole we have checked that the formula for the entropy of a soft hairy black hole
S = 2π(L+0 +L−0 ) gives us the correct value of the entropy of the warped black hole solution of the
Generalized minimal massive gravity. By setting σ = −1, α→ 0 and m2 →∞, where the GMMG
reduce to the TMG with negative cosmological constant, all our results for the GMMG, reduced
to the results which one can expect for topological massive gravity [34].
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